
The Sphere

The metric

Using the standard Euclidean metric on R4

gE = dx1 ⊗ dx1 + dx2 ⊗ dx2 + dx3 ⊗ dx3 + dx4 ⊗ dx4

= δijdx
i ⊗ dxj.

(1)

Becuase gE,ij = δij we sometimes abbreviate gE = δ. Using the radial variable

r =
√

(x1)2 + (x2)2 + (x3)2 + (x4)2 we define the conformally related metric

g =
4

(1 + r2)2
gE. (2)

From our conformal change formulae for ĝ = u2g with u = 2/(1 + r2), we obtain
auxilliary tensor and its trace

Kij =
2

(1 + r2)2
δij, T r K =

8

(1 + r2)2
(3)

and because RmE ≡ 0, the curvature quantities are easy to compute using our
conformal change formulas:

Rm = 4(1 + r2)−2 (K ? gE) = 8(1 + r2)−4 δ ? δ =
1

2
g ? g

Ric = 12(1 + r2)−2 δ = 3g

R = 12.

(4)

This is a metric of constant sectional curvature +1.
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Coordinate tranformations

Strictly speaking, the metric (2) exists only on R4 = S4 \ {∞}. To claim it really
represents a metric on the sphere, we must prove that it extends smoothly across
the point at infinity.

To obtain a coordinate chart that contains ∞, we define coordinate transitions

yi = xi/r2. (5)

If we define ρ =
√

(y1)2 + (y2)2 + (y3)2 + (y4)2, then ρ = 1/r. One easily computes
δijdx

i ⊗ dxj = δijρ
−4dyi ⊗ dyj, and therefore

4

(1 + r2)2
δijdx

i ⊗ dxj =
4

(1 + ρ2)2
δijdy

i ⊗ dyj. (6)

The metric expressed in y-coordinates extends smoothly across the point at infinity
(which is just (0, 0, 0, 0) in the y-system). We conclude that this is indeed a smooth
metric on S2.
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Exercises

1. Given constants α, β, γ, show that the metric

g =
4α2

(β2 + γ2r2)2
gE (7)

gives a metric constant curvature + α
βγ on the sphere.

2. Compute the volume of the 4-sphere.
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