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1 Basics

Definition. Two Riemannian metrics on a common manifold are said to be con-
formally equivalent if, at each point, one is a scalar multiple of the other.

Usually there is a differentiability criterion, meaning that the conformal factor at
each point must vary in a smooth way.

In studying conformally related metrics, one usually starts with a suitable well-
known metric with understandable properties, say the flat metric on R" or perhaps
an ALE half-conformally flat metric, and multiplies it by a function chosen to make
the metric interesting in some new way.

If g is the original metric, one typically obtains the new metric ¢ in one of three
ways. The first and most straightforward is

g =u’g (1)

where u > 0 is a smooth function; but the formulas for here tend to involve terms
with logarithms. Second, one may choose a conformal factor in exponential form

g =€y (2)
where f is any smooth function and very possibly zero or negative in places. Third

R 4

g = g (3)

where ¢» > 0. This simplifies certain expressions, though clearly cannot be used in
dimension 2. See 2.3 and B.7

We will give formulas for all three methods.



2 Conformal change formulas

Of great convenience will be the Kulkarni Nomizu product; see §2 of the general
primer. In indices this is

(AD® B)iju = AuBjr + AjrAi — AixBji — Aj Big. (4)
The product A® B is a 4-index tensor that has the same symmetries as the Riemann
tensor, including the first Bianchi identity.

For § = u%g the main conformal change formula is

—

Rm = «?*(Rm + K ® g) (5)

where K is an appropriate tensor formed from wu, and the form of the Riemann
tensor we are using is Rm = Rmj;j;.

This also gives a starting point for the study of conformal invariance.

Recall the notion of the space of abstract Riemann tensors (general primer §2);
this is the vector space of tensors of the form A2 ® A? that obey the first Bianchi
identity:.

Given a metric, this space decopmoses into three subspaces:

e R = spang {g ® g}, the space of abstract scalar curvatures

e RC = spang {A D g ’ A is symmetric and trace-free }, the space of abstract
scalar curvatures

e Everything else: W, the orthogonal complement to R and RC, called the
space of abstract Weyl tensors.

Any given Weyl tensor W, lying within the space of abstract Weyl tensors, is
orthogonal to the conformal change tensor K ® g, and therefore W is unaffected by
conformal change.

In other words W changes invariantly (some use the term covariantly) with con-
formal change: W = u?W where we are using W = Wz-jkl.



2.1 First method: § = u’g

It shall be convenient to use the auxiliary tensor

1
K = —Hess(logu) + dlogu ® df — 5\V10gu|29

6)
1 (
Ki; = —(logu);j + (logu);(logu); — §|Vlogu]2gij
The Riemann tensor:
Rm = v (Rm + K ® g) )
ﬁr?lijkl = e (Rmjm + Kugix + Kixgn — Kingyn — Kjigir)
The Ricci tensor:
Ric = Ric +Tr(K)g + (n—2)K
= Ric — (Alogu)yg
+ (n—2) (—Hess(logu) + dlogu ® dlogu — |V log u|*g) ®)
ﬁi\(jjk = RiCZ‘j + (gStht)gij + (n — 2)Ki‘
= Ric,; — (Alogu)g;
+ (n —2) (—(log u)ij + (logu);(logu); — |V log u|29ij)
The Scalar curvature:
R = u? (R — 2(n—1)Alogu — (n—1)(n —2)|Vlogul*) (9)
The Hessian: If ¢ is any function then
ﬁe?s(go) = Hess(p) — (dp ® dlogu + dlogu ® dp) + (V, Vlogu) g (10)
Hess(p)i; = Hess(¢)ij — (pi(logu); + (logu)iw;) + (9% @s() logu)i) gi;
The Laplacian: If ¢ is any function then
Ap = u? (Dp+ (n - 2) (Vep, Vg u)) (11)



2.2 Second method: § = €%y

It shall be convenient to use the auxiliary tensor
K = —Hess(f) + df @ df — %|Vf‘29
Kij = —fij + fify — %Wf\?gz'j

The Riemann tensor:

Rm = ¢ (Rm + K @ g)

ﬁajkz = X (Rmju + Kugix + Kjrgn — Kiwgi — Kjgir,)
The Ricci tensor:

Ric = Ric +Tr(K)g + (n—2)K
= Ric — (Af) g + (n—2) (=Hess(f) +df ® df — [V f’g)

Ricy, = Ricij + (¢ Ku)gij + (n — 2) K
= Ricy; — (Af)gi; + (n—2) (= fij + fif; — IV f)?9:5)
The Scalar curvature:
R = e (R-20-1)Af = (n=1)(n-2)VfP)
The Hessian: If ¢ is any function then

I?czs(go) = Hess(p) — (dp @ df +df @ dp) + (Ve, V) gij
Hess(p)i; = Hess(@)ij — (0ifi + fiog) + (905 f2) 93

The Laplacian: If ¢ is any function then

Ap = e (Ap+(n—2)(V, V)

(12)

(13)

(14)

(15)



2.3 Third method: §j =1 2g

The two formulas that are simplified are the scalar curvature and the Laplacian.

We have
R = oz (R - 4”_1¢—1Av>
n— 2
= o s <R¢ — 4n_1Av)
n—2

Ap = 772 (Ao + 2(Vep, Viegy))

Also see the discussion on the conformal Laplacian in [3.7]



3 Conformal invariants
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[T'he Cotton tensor and the special case of 3 dimensions

[T'he special case of 2 dimensions|

[I'he Bach tensor

[The conformal Laplacian|




3.1 The Hodge-star

The easiest of the conformal invariants is the Hodge-star operator.

Definition. The volume form is the totally anti-symmetric n-tensor, usually
denoted dVol, given at the point p by

AVoly (11, v, .. vn) = fdet (v, 07}, (19)

n
where vy, ...,v, € T,M".

With § = u2g The volume form has conformal property

dVol = u"dVol. (20)

n

The matrix ({v;,v;)); ;_; is the symmetric n X n matrix of all inner products among

the vectors v;.

As discussed in §3 of the gneral primer, the arbitrary choice of & is an expression
of the choice of orientation on a manifold.

Definition. On an oriented manifold, the Hodge-star **) is the (k,n — k) mixed
tensor form of the volume tensor.

In particular dVol = (™. Expressing the volume form in coordinates as
dVol = dVol, i d" ®dr”? ® --- @ da™ (21)
then the Hodge-star (¥ is given by

11... 0k

g O g (22)

(k) ikgrein o k14 inj
* 11...7% S dVOl’Ll...Z]C]k+1...jng ! <t g .

Recall the convention of how a tensor like %) acts: If A = Ail___z-kdxil ® - @ dr'
is a k-form, then *®) A is the (n — k)-form
1 o . .
(*(k)A> — E (*(k)il...ikjl'"]nkAil...ik) A ® - - Q dx'n* (23)
Notice the coefficient.

With ¢ = u?g the Hodge-star has conformal property

In particular if the manifold M™ is even-dimensional, then %(/2) = x("/2),
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3.2 The Weyl tensor

The primary conformal invariant is the Weyl Tensor W.

Definition. The Weyl Tensor is defined to be the tensor

R 1 o
W = Rm—mg@g—mf{m®g. (25)

Coming to grips with W is often tough for beginners in geometry; but see §2 of the
general primer, where we discuss W at length.

For now, only recall that it is easily shown that the tensors
RgDy, Ric Oy, W (26)

are mutually orthogonal to each other. The decomposition

R 1
Rm = —— —Ri |44 27

m 2n(n—1)g®g+n—2 1B+ (27)
is, in fact, an orthogonal decomposition of the Riemann tensor; this is known as the
Ricci decomposition of the Riemann tensor.

In dimension 3, the Weyl tensor always vanishes—all curvature information is
contained in the scalar curvature and the trace-free Ricci tensor.

In dimension 2 both the trace-free Ricci tensor and the Weyl tensor vanish—
all curvature information is contained in the scalar curvature, which is twice the
Gaussian curvature in this case.

With § = u2g and using the fact that Rm = u? (Rm+K ® g) and W is orthogonal
to anything of the form K ® g, we see that the Weyl tensor is a conformal invariant:

—_—~ 2
Wit = u” Wijn

(28)
Wik = Wiji!



3.3 The special case of 4 dimensions

Four-dimensional manifolds are special for many reasons; among them is the fact
that the Weyl tensor decomposes into two pieces.

In dimension 4, the operator ) = *(2)ijl takes anti-symmetric 2-forms to anti-
symmetric 2-forms, and one can prove that

%*(2) klst «(2) Stij _ ]dklij (29)
(where Id is the identity operator: %] dklijAkl = A;; for any anti-symmetric tensor
A—mnote the choice of factor, which is the convention ) That is, ) squares to
the identity, and so as an operator from antisymmetric 2-tensors to antisymmetric
2-tensors, *(%) has eigenvalues of +1 and —1. We can define corresponding projection
operators

T 2 1(Jd + *<2>>

T 2 = ([d — *(2)>.
2

Certainly my omy = 7y and 7y o+ = 0 and 71 + 7+ = Id, so that m, m_ are
complementary idempotents and therefore projectors.

— DN

(30)

Using these projectors, in dimension 4 we can split the Weyl tensor into two
mutually orthogonal pieces:

1
Wi = ZWstuv Ty
! | 31
Wi;kl = Zwstuv Ty ij
(the ;11 comes from the convention ) One may verify Wy,m_"uni®; =
Wetuom+ " am—*;; = 0 and so therefore
W=W"+W". (32)
In four dimensions we have the extended Ricci decomposition
R X Dg + ! Ricog + W + W~ (33)
m= —— — Ri1 .
2n(n — 1) (A g

Each piece W* is conformally invariant: W* = «2W#* where § = u2g.
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3.4 The Cotton tensor and the special case of 3 dimensions

Definition. The Schouten tensor is

1 . R
Py = (Rlcij - 2(n—_1)gij) (34)

n— 2

This tensor P is defined so that Rm = P ® g + W; in other words, the Schouten
tensor is effectively the sum of the scalar and trace-free Ricci components of the
Riemann tensor.

Definition. The Cotton tensor is

Cijt = Pijr — P (35)

The Cotton tensor is defined for the following purpose: the divergence of Weyl is
given by

Wsijjﬁs = (TL — B)Czjk (36)

In dimension 3 this is clearly vacuous, as W = 0 and n — 3 = 0. But the Cotton
tensor does not vanish in dimension 3.

With § = u?g and using the auxiliary tensor K;; = — (log u);;+ (log u),; (log u); —
%\V log u|?g;;, the conformal properties of P and C' are

P=P+K
Pj = Py + Ky
(37)
C=0C+ W (Viegu, -, -, )
@jk = Cijr + W?r(logu)s.

In dimension 3, clearly the Cotton tensor is a conformal invariant.

11



3.5 The special case of 2 dimensions

The uniqueness of two dimensional geometry can be traced to three phenomena:

i) The Riemann tensor is completely determined by the scalar curvature.
i1) The Laplacian is a conformal invariant.
#1) The Hodge-star on covectors is a complex structure: *(Vx) = —1d.

From a less pedestrian viewpoint, (i) can be traced back to the fact that the irre-
ducible representations of so(2) are quite trivial, and (i) and (4i¢) ultimately trace

to the fact that SO(2) = U(1).

First, letting G, resp. @, be the Gaussian curvature of g, resp. § = u%g, we have

G = u? (G — Alogu)
R = v 2(R—2Alogu) (38)
Acp = u 2 \p

Scond, letting GG, resp. @, be the Gaussian curvature of g, resp. § = e*/¢, we have

G = e (G- A
R = e (R-2A)) (39)
Agp = e N

12



3.6 The Bach tensor
Definition. The Bach tensor is

1_.
Bij = Wsz‘jt75t + §R1C5twsijt. (40)

The Bach tensor is the L? gradient tensor of the Weyl functional, in the following

sense. If g; = g +tg + O(?) is a time-dependent variation of the metric and if the
manifold M" is compact, then

a4
dt

/ W|*dVol = /gijBijdVOZ. (41)
t=0J M"

The Bach tensor is trace-free: g" B;; = 0.

The Bach tensor is divergence-free: B*;, = 0.

~

The Bach tensor is conformally invariant: B;; = B;;.
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3.7 The conformal Laplacian

The conformal Laplacian is defined to be

1n—2
Lo = Ry = 4n—1

Re. (42)

This is “conformally covariant,” in the sense that if g = @Dﬁ g, then

-~ _ _ n+2
L(y~'p) = ¢y 2Ly (43)
and we have the convenient formula
oy 4 - 1 n+2
R = _M@b—n*zmp, (44)
n—?2

in all dimensions except 2.

Other conformal differential operators exist, for instance the fourth order Paneitz
operator and the higher order GJMS operators. To keep the discussion fairly basic,
we do not go into these.
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4 Exercises
1. Recall an exercise from the general primer that Id : A? — A?is Id¥;; =
%(g @) g)ijsthZth. Show that this identity is 0/6F — 5535;.

On a 4-manifold we have also *® : A> = A% Can you express this in terms
of Kroenecker d-functions?

2. Verify that W is always orthogonal to A ® g for any symmetric 2-tensor A.
Conclude that is indeed an orthogonal decomposition.

3. Using § = u?g, prove formally /I/IZ-W = UQVVZ-W.

4. In dimension 4, prove directly *?);;5¢ %2 # = [q,* (also written ()2 =
Id) on antisymmetric 2-tensors.

5. In dimension 4, prove that

o t uv
(RlC ®g)stuv 7T—H'js T4kl — 0

45
(RiC ®g)stuv 7T—ij8t 7T—k;luv = 0. ( )

6. In dimension 4, prove that W' and W~ are orthogonal to one another.

7. Using the conformal invariance of W, prove that ¢" B;; = 0 that B is confor-
mally invariant.

8. (Harder) Using the diffeomorphism invariance of Rm (and therefore of W),
show that B%; ; = 0.

9. Verify formula (43)).

(Updated Oct 2018)
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